EXISTENCE AND SYMMETRY RESULTS FOR COMPETING VARIATIONAL 

SYSTEMS 
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Abstract. In this paper we consider a class of gradient systems of type 

— CjA«i + Vi(x)ui = P Ui (u), ui, ■ ■ ■ , Ufc > in Q, ui = . . . = Uk = on 9f2, 

in a bounded domain C C K . Under suitable assumptions on Vi and P, we prove the 
existence of ground-state solutions for this problem. Moreover, for k = 2, assuming that 
the domain Q and the potentials Vi are radially symmetric, we prove that the ground state 
solutions are foliated Schwarz symmetric with respect to antipodal points. We provide 
several examples for our abstract framework. 

Keywords. Competitive systems, elliptic gradient systems, foliated schwarz symmetry, 
ground states solutions, positive solutions. 

1. Introduction 

Let n be a bounded domain in R N , N ^ 1 and P : R fe -> R a C 2 -function for some positive 
integer k. Moreover, let Vi G L°°(Cl) for i = l,...,fc, and let ci, ...,Cfc denote positive 
constants. In this paper, we will be concerned with the Dirichlet problem 

| -CiAui + Vi(x)Ui = P Ui (u), U!,...,u k >0 in fi, 

Ui = U2 = ■ ■ ■ = Uk = on dVL. 

where P Ui stands for Note that the elliptic system in ((1) is of gradient type. Under 

suitable assumptions on P, we will prove the existence of ground state solutions of (JlJ which 
can be found by minimizing an associated functional over a natural constraint. In certain 
cases, we will also provide a minimax characterization of the solutions, and in the case k = 2 we 
will deduce symmetry properties of the solutions from this characterization in the case where 
is a radially symmetric domain in and the potentials V, are also radially symmetric. 
We point out that we are only interested in nontrivial solutions of (JXJ) in the sense that Ui ^ 
for i = 1, . . . , k. Consider the Hilbert space T~L := H^(VL\ R fc ) and the Nehari type set 



\ u G H '■ Ui > 0,Ui ^ and / (ci\\7ui\ 2 +Vi(x)uf) dx = P Ui (u)ui dx for i = 1, . . ., k.} 

(2) 

If SI is of class C 1 and u G C 2 (S1, R fc ) is a classical solution of (Q]) with nontrivial components, 
then we may multiply the i-th equation in (|T|) with Ui and integrate by parts to see that u 
belongs to Af. Therefore J\f is a natural constraint for solutions of ([1} . If moreover P satisfies 
suitable growth assumptions (see assumption (PI) below), then weak solutions are precisely 
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the critical points of the energy functional E : H — > R defined by 

E(u) = lY] I + Vi{x)uf)dx- [ P{u{x))dx, 
i=i J n J n 

A natural but not straighforward approach to find solutions of (flj is to minimize E on M . 
This approach has been carried out successfully in the scalar case k = 1 (see e.g. the recent 
survey [3T] and the references therein) and also for special classes of elliptic systems, see 
e.g. [7ll9l fT2l[T3] . In this paper we will consider a general class of functions P for which we can 
show that minimizers of E on Af exist and are indeed solutions of ([1]). Such solutions then 
also minimize the energy E among the set of solutions and therefore will be called ground 
state solutions. It is natural to expect that in the case where the underlying domain f2 and 
the potentials Vi are radially symmetric, these ground state solutions inherit at least partially 
the symmetry of and V*. In a general framework, a principle of symmetry inheritance of 
constrained minimizers of integral functionals was recently proved by Maris, |14j . In particular, 
the following statement can be deduced from [14j Theorem 1]: 

If k < N — 2, is radially symmetric and every minimizer of E on M is a solution of (QJ) 
(and therefore a C -function on Q), then every minimizer of E on Af is radially symmetric 
with respect to a k-dimensional subspace W ofWL N , i.e., u(x) = u(y) for every x,y £ such 
that x - y € W 1 - and dist(a;, W) = dist(y, W). 

We stress that this symmetry result does not depend on further assumptions on P. Much 
more is known in the special case where the underlying domain VL is a ball, Vi = 0, and the 
system (TTJ is cooperative, i.e. P UiUj = g f j > for all u £ M fe and i, j = 1, . . . , k. In this case, 
every solution of (TTJ) is in fact radially symmetric (with respect to W = {0}) and decreasing 
in the radial variable by the general symmetry result of Troy |23j for cooperative systems. We 
note that Troy's result is proved via the moving plane method and therefore relies strongly on 
the cooperativity assumption. In the present paper, we are interested in the complementary 
case of non-cooperative competition-type systems which have been at the center of growing 
attention in recent years, see e.g. [3ll6H9l H5lH6l[22] and references therein. In this case ground 
state solutions are nonradial in general even if the underlying data is radially symmetric (see 
Rcmark l5.4l below). Nevertheless, we shall see below that, at least in the two-component case, 
the competitive character of the system also leads to an improvement of Maris/ symmetry 
result mentioned above. 

In order to state or main results, we define the cone 

C+ := {u = (in, . . . , u k ) £ R k : u< > for all i} 

and we impose the following assumptions on the functions Vi, i = 1 . . . , k and P: 

(P0) V £ L°°(n) and mi n V > -CfAi(n) for i = 1, . . . , k, where Ai is the first Dirichlet 

eigenvalue of the Laplacian on Q; 
(PI) there exists 2 < p < 2* such that 

k 

\p UiUj («)| < c(i + N p ~ 2 ) for cvcr y u£C+,i,j = i,...,k, 

i=l 

where 2* = 2N/(N - 2) if N ^ 3, 2* = +oo otherwise. 
(P2) P(0, ...,0) = and P Ui {u\, . . . , iti-i, 0, Ui+i, . . . , Uk) = for every u £ C + and 
i = 1, . . . ,k. 
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(P3) P Ui {u)ui ^ P Ui (0, . . . , Ui, . . . , 0)ui for every u £ C + and every i G {1, . . . , k} with 

Ui ± 0; 

(P4) there exists a > such that the matrix 

M{u) := (5ij(l + a)P Ul (u)ui - P urU] (u)uiuA 

/ (1 + a)P Ul (u)tti - P UlUl (u)u\ ... -P Ul u k {u)uiu k \ 

{u)u 2 u k 

\ -Pu lUk (u)u lUk ... (1 + - P UkUk (u)u 2 k J 

is negative scmidcfinitc for u g C + . 
Note that condition (P3) is a weak competitivity assumption for the system {T]). Condition 
(P4) can be seen has a generalization of an Ambrosctti-Prodi condition, and it has appeared 
before in the papers [TJE] (actually, we will see in the last section that our assumptions are 
more general than the ones considered in the mentioned papers). We now put 

c= inf E(u), (3) 

where Af was defined in ([2]). Our first main result shows that minimizers of E on M exist 
and are ground state solutions of ([T]). More precisely, we have: 

Theorem 1.1. Suppose that (P0)~(P4) holds. Then there exists u = (iti, . . . ,u k ) £ %, with 
ui > for all i, such that 

E'(u) = and E(u) = c. 
Moreover, every minimizer of E\^f is a solution of (QJ). 

It is worth discussing the scalar case k = 1 in some detail. In this case, the assumptions 
(P1)-(P4) above reduce to requiring P e C 2 (M), P(0) = P'(0) = as well as \P"(u)\ ^ 
C(l + M p ~ 2 ) and < (1 + a)P'{u) < P"(u)u for every u > with p as in (PI) and some 
a > 0. From these assumptions, it follows that is a local minimum for the corresponding 
functional E : PTg (fi) -> R. Moreover, for any u e Hq (51) \ {0} the function tp u : [0, oo) -> K, 
(t) = E(tu) satisfies <p u {0) = and (p u (t) — > — oo as t — > oo, and tp u has a unique 
maximum t u such that t u u G M . As a consequence, in the scalar case k = 1 we have the 
minimax characterization 

c= inf supP(tu) (4) 
uei?i(n)\{o} t >o 

In the case k > 1 assumptions (P1)-(P4) do not impose such a simple mountain pass geometry 
for the functional E. Nevertheless, for a large class of functions P satisfying these assumptions 
one may generalize the minimax characterization (j4]). For this we consider the set 

M = {u e % : m > 0, Ui ^ for i = 1, . . . , k and E{t\U\, . . . ,tkUk) — » — oo as |ti|+. . .+|tfc| — > +00} . 

We then have: 

Theorem 1.2. Suppose that (P0)-(P4) and the following condition holds. 

(P5) P« jUi (ui, . . . ,«i_i,0,«i+i, . . . , Ufc) ^ /or u G C + and i = 1, . . . , k. 
Then we have 

c< inf sup E(tiui, . . . ,t k u k ). (5) 

"E-M t!,...,t k >0 

If moreover there exists u £ M with E{u) = c and such that u € Ai, then equality holds in 



4 



H. TAVARES AND T. WETH 



The crucial step in the proof of Theorem II .21 is to prove that, for fixed u £ Ai, the function 

(il, ...,t k )^r E{txUi, . . -,t k U k ) 

has precisely one critical point in C + \ {0} which is a global maximum of this function in 
C + \ {0}. This fact will also be used in the proof of our main symmetry result Theorem II. 31 
below. While assumptions (P1)-(P5) do not guarantee that every function u £ % with Ui ^ 
for i = 1, . . . , k is contained in Ai, below we will present classes of functions P ensuring that 
N C Ai, so that equality holds in J5]). One explicit example we consider is the class of 
functions 

k , n 

PeC 2 (m k ), P(u 1 ,...,u k ) = Y,Aui\ p -Y,^\< qi \ u 3\ q3 ( 6 ) 

1=1 P i,3=l 

which leads to the system 

-CiAui + V l {x)u i = Aiuf -1 - qiuf' 1 j 

m (7) 

Ui £ Hq(Q), Ui > in tt, 

Here we assume 2 < p < 2* and 

A l > 0, fcj = Pji ^0, qi > 2 and p > q L + q 3 for i, j = 1, . . . , fc, j 7^ i. (8) 

A system of this kind also appears in |18j . We point out that one may divide out (or replace 
by arbitrary positive constants) the factors qi in front of the sums in ([7]) without changing 
the nature of the system simply by adjusting the values of Ci, Vi(x) and A^. Therefore, the 
cubic system 

-Aui + Viix)^ = - Ui}^ijU% i=l,...,k, 

arising in the theory of Bosc-Einstein condensation and in nonlinear optics (see e.g. [TTIITS] ) 
can be seen as a special case of ([7]). 

In Section [5] below we will show that the class of functions P given by ([6]) satisfies (P1)-(P5), 
whereas we also have M C M so that equality holds in (0 . 

Our final main result is concerned with symmetry properties of ground state solutions of ([T]) 
in the case where the underlying domain f2 C K w and the potentials Vi are radial. For this 
we recall the notion of foliated Schwarz symmetry. A function u : Q. — > R is called foliated 
Schwarz symmetric with respect to some unit vector p £ M. N if for a.e. r > such that 
dB r (0) C O and for every c £ K the restricted superlevel set {x £ dB r (0) : u(x) ^ c} 
is either equal to dB r (0) or to a geodesic ball in dB r (Q) centered at rp. In other words, 
u is foliated Schwarz symmetric if u is axially symmetric with respect to the axis Hp (i.e. 
radially symmetric with respect to the subspace spanned by p in the sense defined above) and 
nonincreasing in the polar angle 9 = arccos(j|j ■ p) £ [0,7r]. We have to restrict our attention 
to the case of two components, and we will write (u,v) in place of {u\,U2) in the following. 
Hence we consider the system 

— ciAu + V\{x)u = P u (u, v), — C2A.V + V2(x)u = P v (u, v) in n, 
u, v > in Q, u — v - - on dft. 

Theorem 1.3. Suppose that C R w is a radial domain, that Vi,V2 are radial functions, 
and suppose that (P0)-(P5) hold for k = 2. Suppose moreover that 

(P6) P uv (s,t) < for every s,t>0. 
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Let(u,v) G C 2 {n,M. 2 )r\C(n,R 2 ) be a classical solution of © minimizing E\j\f. If(u,v) G M., 
then u and v are foliated Schwarz symmetric with respect to antipodal points. 

We note that - for a class of systems with competition - Theorem 1 1 . 31 improves the symmetry 
result of Mari§ [H] which in contrast to Theorem 1 1 . 31 only yields radial symmetry with respect 
to a two-dimensional subspace. For a larger number k > 3 of components, it remains open 
whether the symmetry result of Mari§ can be improved as well, although foliated Schwarz 
symmetry should not be expected. We also note that assumption (P6) implies (P3) for k = 2, 
so we could have neglegted assumption (P3) in Theorem II .31 

In the following theorem, we summarize our results for the special class of systems ([7|). 

Theorem 1.4. Let P be given by {6}) and suppose that holds. Then J\f C M., and 

mi E = inf sup E(t\U\, . . . ,tkUk) (10) 
M ueA< ii,-.*«.>0 

is attained. Moreover, every minimizer u G Af of E\jj is a classical solution u G C 2 (tt,M. k ) n 
C(il,R fc ) of ([?[). Moreover, if k = 2, VI is a radial domain and Vj.,V^ are radial functions, 
then every ground state solution is such that u and v are foliated Schwarz symmetric with 
respect to antipodal points. 

The paper is organized as follows. In Section [2] we will collect some preliminary results and 
give the proof of Theorem 11.11 In Section [3] we will prove Theorem 11.21 and therefore give 
- under additional assumptions - a minimax characterization of the value c defined in ([3]). 
The key result in this section is Proposition 13.21 below which will also be used in Section [4] 
where we prove our symmetry results for the special class of two-component systems (|9|) . In 
particular, the proof of Theorem [O] is contained in SectionHJ In Section[5]we consider special 
classes of systems satisfying our general assumptions. In particular, we will consider system 
and prove Theorem 11.41 in this section. We close this section with an application of our 
symmetry results to a different setting. 

2. Some preliminaries and the existence of ground state solutions 

We will assume conditions (P0)-(P4) from now on, and we start with some general remarks 
on problem ((T|). First, by the transformation 

H^-H, u^u = ( y /c[u 1 ,...,y/ckUk) (11) 
problem (|T|) is reduced to the special case c\ , . . . , Ck = 1 with Vi replaced by — and P replaced 
by 

PeC(m k ), P( Vll ..., Vk ) = P (j* 

Moreover, the transformation (jlll) maps the corresponding Nchari sets and the sets M. into 
each other and preserves the value of the corresponding energy functionals. Hence we may 
assume from now on that 

c\ = ■ ■ ■ = c k = 1. 

As we will be interested in nonnegative solutions only, we will also assume from now on that 

P{u\, . . . , Ui, . . . , Uk) = P(ui, . . . , \ui\, . . . , life) for every iieW and i = 1, . . . , k. (12) 

Observe that this is consistent with the fact that P G C 2 (IR fc ) by the second assumption in 
(P2)). We then deduce from (PI) that E is a C 1 -functional on H, and that 

E(m, . . . ,u k ) = E(\ui\, . . . , \uk\) for every u G H. (13) 
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In the following, we will write 

IN- := / (\Vu{x)\ 2 + Vi{x)u 2 )dx for w e iJ^ft) 

and i = 1, . . . , k, and we note that the norms || • || ; arc equivalent to the standard i/p-norm 
as a consequence of assumption (PO). We also denote the L p -norm by || ■ \\lp- We then define 
the Nehari manifold 

A* := < u G W : Ui ^ and \\ui\\f = / P Ui {u)uidx for i = 1, . . . , k.} (14) 

Jn 

and we note that for u = (u\, . . . ,Uk) € "H we have the equivalence 

with J\f defined in @. Combining this with (TT5)) . we deduce that 

inf E = inf E, so that every minimizer u E Af of E\_\r also minimizes E\j\f t . (15) 

We now collect some easy consequences of assumptions (P1)-(P4). 
Lemma 2.1. (i) There exists C > such that 

k k 

\P(u)\ ^ C(l + J2\u,\ p ) and \P Ui (u)ui\^C(l+J2\ u i\ P ) for all u E C+ . (16) 

i=l i=l 

k 

(ii) For every u E C + we have (2 + a)P(u) ^ Pui(u)ui- 

i=l 

(iii) P Ui (t^i)/t —> +oo as t — ^ +oo /or j = 1, . . . , fc, where e, denotes the i-th coordinate 
vector. 

Proof, (i) To see this, first take <£>i(i) = P Ui (tu)ui. We have, for i G [0, 1], 

3=1 3=1 3=1 »=1 «=1 

which, together with the fact that ^i(O) = 0, implies the upper bound for \P Ui (u)ui\. The 
same reasoning implies the other condition. 

(ii) Consider the function <p2(t) = (2 + a)P(tu) — P Ui (tu)tui. For t > 0, 

ip' 2 (t) = (2 + a) ^ p ui (tu)ui - ^2 p uiUj (tu)tUiUj - ^ p ui (tu)ui 

i—1 *)J=1 i—1 

k k 

= (1 + a) P u . (tw)wi - p u lUj (tu^Utiij 

i—1 i)j= 1 

= j(l,...,l)-M(tu).(l,...,l) T s^O. 
Then cp 2 (l) ^ ¥? 2 (0) = 0. 

(iii) From (P4) one can see that (l+a)P Ui (tei) ^ -P^u; (tei)tei, which implies (as P Ui (te^) ^ 0) 
that P Ui {tei) ^ Ci 1+Q for some C > and for every t>l. □ 



The remainder of this section will be devoted to the proof of Theorem 11.11 For this we need 
to study the sets Af and A/"* . 
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Lemma 2.2. The Nehari manifold Af C % defined in is nonempty. 
Proof. Take k functions w\ , . . . , Wk £ Hq (Q) such that 

Wi ^ 0, Wi ^ in n for i = 1, . . . , k, and Wi ■ w 3 ■ = in Q whenever i =/= j. 
Consider the functions <pt : Mr i-> M defined by 

■ • . ,t k ) = \\UwiWi - P Ui (tiWi,...,tiWi,...,tkWk)tiWidx 



= \\t i w i \\ i - I P Ui (0,...,tiWi,...,0)tiWidx. 

J{wi>0} 

Observe first of all that (|16l) and (P2) imply the existence of a constant C > such that 



\\Uw 



2 

P Ui (0,...,t i w i ,...,0)t i w i < ' +C||t»^||f, 

and hence 

Vi (* 1) ...,* fc )^^(i!^i-cr 2 IKII?)>o 

for ti > very close to zero, uniformly in t\, . . . , Aj-i, ■ ■ • , ifc- On the other hand, from 
Lemma l2~TT -(ui) we see that 

/, , v ,2 / 1| |,2 / P Ui (0, ...,^,...,0) 2 \ 
ipi(ti,...,t k ) = ^ llwiH, - / da;) -> -oo 

V J{ui s >0} tiWj / 

as U — > +oo, uniformly in tx, . . . , U—i, ti+i, . . . , tk- Hence we deduce the existence of 
t\,...,tk > such that <Pi(t\, ■ ■ ■ , tk) = Vi, and {t\W\, . . . , tkWk) £ A/", which is non 
empty. □ 

Lemma 2.3. There exists 7 > such that 

\\ihWlp, \\ u i\\i ^ 7 > for every u £ TV*. 

Proof. By using (P2), (P3) and (fT6|) . we know that for every u £ A/"* we have 

\\ui\\i = / P Ui (u)Ui dx < / P Vi (0,...,Ui,...,0)uidx 



<> 



Thus 



< IWf + ^lNl^^-lMi+cblNI?. 



^ IKII*- and /o^ ^577^ ^ C'llK-IIL 



(2C 2 ) 1 /(p- 2 ) " (2C 2 ) 2 /(f- 2 ) 



□ 



Lemma 2.4. TTie set A/"* is a submanifold of H of codimension k. Moreover, if u £ A/"* is 
such that E\'^{u) = 0, then E'(u) = 0. 

Proof. The elements in AC are zeros of the functional F : % — > M fc , u = (m, . . . ,Uf.) i-> 
(i<i(u), . . . , Fk(u)) where, for each i = 1, . , . , k, Fi is the C 1 ('H,M)-functional defined by 

Fi(u) = \\ui\\f - / P Ui (u)Uidx. 
Jn 

Denote by T u the k x k matrix whose i-th line is the vector 

F'(u)(0, . . . ,u h . . . ,0) = (du.F^Ui, . . . , d Ui F k (u)ui). 
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Given u € A/"* , for each i we have 

d Ut Fi(u)ui = 2||uj||? - / (P UiUi (u)Ui + P Ui (u)Ui) dx 

Jq 

= -a\\ui\\i + (2 + a)\\ui\\i - / {P UiUi (u)u} + P Ui (u)ui) dx 

Jn 

= -a||ui||?+ / ((1 + a)P Ui (u)u l - P UiUt (u)uf)dx, 
Jn 

while for j =/= i 

d Uj Fi(u)Uj = - / P UiUj (u)uiUjdx. 
Jn 

Thus, 

T u = f-a^llitiH?) + f / (%(1 + ojP^^Juj - 
For every z € R fe , we have that 

z T -T u -z = -aV Hwilli^ 2 + / zT ' (<%(1 + a)P Uz (u)u t - P UiUj (u)uiUj ) -zdx 
l=1 Jn V 

fc 

i=l 

by (P4), and hence T u is a negative definite matrix. In particular, its determinant is different 
from zero and the k vectors 

F / (u)(ui,0 > ...,0) J ... J F / («)(0,... ) 0,u Jfc ) 

are linearly independent. This implies that F'(u) : W — > R fc is onto for every u <G AC, and 
hence AC is indeed a submanifold of % of codimension k. 

As for the second part of the lemma, if Jp\'j^ (u) = then there exist real numbers 
Ai, i = l,...,fc, such that E'(u) = ^t-^i(u). By testing the previous equality with 



(0, . . . , 0, uj, 0, . . . , 0), one obtains 

k 

o = ^U/i(«K, Vj = i,...,fc, 



i=l 

which is equivalent to 



0. 



Hence A^ = for every i, and it is a critical point of the functional E. □ 
Lemma 2.5. satisfies the Palais- Smale condition. 

Proof. Here we recover the definitions of F{ (u) and of T u from the proof of Lemma 12.41 Let 
(«„)„ = ((ui.n, • ■ • , Uk. n ))n C A/"* be a Palais-Smale sequence for £7|a/; , that is, E{u n ) remains 
bounded in R as n — > oo and 

k 

E'(u n ) - \nFl(u n ) -> in for some sequences (Ai jn ) n , . . . , (Afc jn ) n C R. (17) 

i=l 
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Observe that Lemma \2. li (ii) implies that 

\\Ui,n\\1 = I P Ui {u n )u ly n d,X ^ (2 + O) I P{u n )dx, 

Jn „■_, Jn 



i=l 

whence 



E(u„)> (I-^-)^|K„||?. (18) 

i— 1 

Thus (u„)„ is bounded in % and (up to subsequences), we obtain the existence of u = 
(ui, . . . , Ufc) £ "H such that 

"i.n — >■ Ui weakly in Hq(Q), strongly in L q (£l) for every 2 ^ q < 2*. 

By Lemma 12.31 we deduce that Ui ^ for every i. Moreover, we have 

T Un = ( / (8 tj P Ut {u n )u itn -P UtUz (u n )uf n ) dx) ( / (dijP Ui (u)ui-P UiUi {u)ui) dx) =: T 
in R 2fc and, for each i, 

IKHi ^ liminf „|| 2 = liminf / P Ui (u n )u i n dx = / P Ut (u)uidx. 



Hence, by reasoning as in the proof of Lemma 12.41 we obtain that T u is a negative definite 
matrix, since Vz £ R fc , 

z T ■ T u ■ z = -aVV 2 / P Ui {u)u l dx+ j z T ■ (Sij(l + a)P Ui (u)ui - P UiUj (u)uiUj) -zdx 
< -a^2\\ui\\iZ?. 

i=l 

After testing (|17l) with (0, . . . , Uj re , . . . , 0) for every j, we obtain, as n — > +oo, 

(Ai, n \ / Ai., 

: =(T„ + o(l)). : 
Afc.n / \ 

and moreover 

^ Ai,„ \ / Ai >n 

(\i,n, ■ ■ ■ , Afc.nj • o(l) = ^Ai >n , . . . , Afe jT ij • T u • : I + ^Ai >n , . . . , Xk,rij • o(l) • j 

\ Afc jn J \ Afc, n 

(Al, n 
; 
Afc.n 

for some C > 0. Thus for every i we have Ai iTl — > and Xi jn Fl(u n ) — ► in 'H' as n — ¥ oo, and 
therefore also E'(u n ) — > in %' as n — > oo. By taking this time (0, . . . , u, iTt — itj, . . . , 0) as a 
test function, we obtain 

£ , '(u„)(0, . . . , Uj n - Ui, . . . , 0) = o(l) as n ->• oo, 
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which is equivalent to 

{ui, n , Ui. n - m)i - / P Ui (u n )(ui,n - Ui) — o(l) as n ->• oo. 
Jn 

Since P Ui (u n )(ui, n — ui) dx — > 0, it follows that ||ui )n ||i — > \\ui\\i, which provides the strong 
convergence ui^ n — > m for every i. □ 

Proof of Theorem ] 1 . 11 We have that c (recall (|18[) ). Let (u n ) n be a minimizing sequence 
for -E|jv„, namely m„ € TV* for all n and E(u n ) — > nzij\f, £7 as n — > oo. By the Ekeland's 
Variational Principle we can suppose, without loss of generality, that (u n ) n is a Palais-Smale 
sequence for the restricted functional E\j^ r . Hence by Lemma 12.51 we have that, up to a 
subsequence, u n — > u strongly in %. In particular u G Af* (since Ui ^ for all i by Lemma 
12.31) . Replacing it with (|iti|, . . . , \u k \), we may assume that u € Af, and by (|15[) we have 
E{u) = c = inf^ = inf a/; E. Morover, u is a critical point of £7 by Lemma 12.41 As a 
consequence of the strong maximum principle, we then sec that u is a solution of |T]). □ 



3. AN ALTERNATIVE CHARACTERIZATION FOR THE CRITICAL LEVEL 



This section is devoted to the proof of Theorem 11.21 and related facts. We will assume 
conditions (P0)-(P4) from now on. Given u £ (H^fl) \ {0}) fe , we consider the function 



k t 2 f 

^ E; <p(t!, ...,t k ):= E{t lUl , ...,t k u k ) = V -^\\ui\\ 2 - / Pfam,.. .,t k u k )dx. 

i=i 2 Jn 

We note that tp is even in each variable by (jT2"j) . Moreover, the point (0, ... ,0) is always a 
strict local minimum for the function tp. In fact, 



for sufficiently small |ii| + . . . + |tfc|. Furthermore we observe that, if t\, . . . , t k > 0, then 

(iiwi, . . . , t k u k ) € Af* <S> V<p(h,...,t k ) = (0,...,0). 

Lemma 3.1. Let u € "H wit/i tij ^ /or every i and take t\,...,t k > suc/i £/ia£ 
V<^(ti, . . . , t k ) — (0, . . . , 0). TTien (ii, . . . , t k ) is a non degenerate local maximum for tp. 

Proof. The proof follows some of the lines of the one of Lemma WM If (ti, . . . , tk) & C + is a 
critical point for tp, then 

\\ u i\\i = I Pu i (tiUi > ...,tkUk) J jrdx for every i, 
Jn h 

and hence the Hessian matrix of tp at that point is given by 

d 2 tp 



H v (t 1 , ...,t k ) = (jjfjjf) = (tiij\\ u i\\i ~ j PutUjitlUi, . . .,t k Uk)UiUj dx^j 



= { -aSijWiitW 2 



I (6ij(l + a)P Ui (hm, . . .,t k u k )—2- - Pu iUj (tiui, . . .,t k u k ) 1 1 J 3 )dx) 

JO t- titj J 
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which is negative definite, since for each z G M. k we have 
z T ■ H v (ti, . . . ,t k ) ■ z = 



where we have used (P4) in the last inequality. □ 

We remark that assumption (P5) was not used in the proof above, but it will now allow us 
to control ip at the boundary of C + . The geometric meaning of (P5) can be formulated as 
follows. Fix u with u% 7^ and consider %jj{t) = E(ui, . . . , tui, . . . , u m ). Then ip'(t) = 0, and 
^"(0) = ll M i|| 2 — In Puna (ui, . . . , 0, . . . , Uk)uf dx > 0. Hence (P5) implies that 

E(ui, . . . , t, . . . , itfc) > E(ui, . . . , 0, . . . , Uk) for sufficiently small t. (19) 

Proposition 3.2. Let u G At. Then the function ip — tp u has precisely one critical point 
(fi,..., ik) with ti,...,tk > 0. Moreover, tp u attains a global maximum at this point, and 
{iiui, . . . ,ikUk) e TV. 

Proof. Asu£^f,we know that <p must have a global maximum at a point Ao = (ii, . . . , ife) € 
C + . As the origin is a strict local minimum for <p and (TT5]) holds, we must have U > for 
i = 1, . . . ,k, and hence (t\U\, . . . , ifeitft) G M. Thus, by the previous lemma, Ao is a non 
degenerate maximum. Suppose now, by contradiction, the existence of another critical point 
Ai G C + having only positive components. By Lemma [3TT1 both Ao and Ai are nondegenerate 
local maxima of tp. Hence for 

c = sup min ip, where T = {A C M fc : A is compact, connected, and Ao, Ai G A}, 
Aer A 

we have c < mmip(Ao), ip(Ai). The class f was already considered in the paper [2]. We will 
now show the existence of a optimal set in T, which contains a critical point of ip at level c. 
This idea is inspired by the work [5]. Define 

Kg = {(ti,...,*fc) €M. k : tp(t 1 ,...,t k )=c and Vip(t u ...,t k ) = (0,...,0)}. 

Since u G Ai, there exists R > such that 

p(ii,...,t fc )<c-l if \ tl \ 2 + ■ ■ ■ + \t k \ 2 >R 2 . (20) 

Let us now put 

B := B R {0)nC + and B e := {t G B R (0) : U > e for i = 1, . . . , k} C B 

for every e > 0. As a consequence of (|TU|) and since is a strict local minimum of (p, for e > 
sufficiently small there exists a map ip : i? — > S e such that ip(ip(t)) > ip(t) for every t E B 
and ^(i) = t for every i G i? e . We fix e and ^ with this property and such that Ao, Ai S B e . 
We now claim: 

1. There exists A* G T such that A* C £L and minos = c. 

A, 

To prove this, take a maximizing sequence for c, namely A„ G T such that c—l/n ^ min^ 99 



i=l 
k 

■J2 



,..., — ) • M{tiUi, . 



,t k u k ) 



/ — 



V t* 



f/.r 



-tt > Ui ,-2,. 
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c. By pO)) . we then have A n C Br(0) for every n £ N. Therefore the set 



A, := p| (J At C B R (0) 

n— 1 i—n 

is compact and connected, and A , Ai £ A. Moreover, c < min^ tp. Therefore A* £ f and 
min^ p = c. As p is even with respect to each coordinate, we can suppose without loss of 
generality that A* C C + and hence A* C B. Moreover, replacing A* by ip(A*) if necessary 
and recalling that ip(Ai) = A, by our choice of e and ip, we may assume that A* C B e . 
2. A* n K- c ^ 0. 

Suppose this is not true. Then, by the deformation lemma [201 Theorem 3.4], there exists 
a neighborhood V of K 5 such that A* n V = 0, e < (yj(Ao) — c)/2, and a homeomorphism 
ft : R k i-> R k such that 

• h(h,...,t k ) = (h,...,t k ), \p(h,...,t k )-c\>2e; 

• (p(h(ti, . . . , tk)) ^ c + £ for every (ti, . . . , t^) ^ V such that </?(ii, . . . , t k ) ^ c — e. 
Observe that h(A*) is a compact and connected set. Moreover, p(Ao) = p(A\) > c+2e, then 
h(Ao) = Uo,h(Ai) = Ui and Aq,Ai £ h(A*). Hence h(A^) £ f, and 

c + e min p ^ c, 
which is a contradiction. Hence A* n .Kg 7^ 0, as claimed. 

Now, to reach a final contradiction, let t = (ii, . . . ,t k ) £ A* n A" E . Since ti > e for every i, 
we deduce from Lemma |3. II that i is a strict local maximum of ip. Since A* is connected, this 
however implies that mini/? < ip(t) = c, which contradicts 1. above. □ 

Proof of Theorem ] 1.21 Let u £ M. By Proposition 13.21 there exists (ti,...,i k ) such that 
(iiiti, . . . , i k u k ) £ Af and such that (ti, . . . , i k ) is a maximum for p in C + . Hence 

c=vaiE<E(jt 1 u\,...,i k Uk)< sup E{t\Ux, . . . ,t k u k ) 

N t u ...,t k >Q 

and this shows §5§. Moreover, if u £ M. for some minimizer u £ Af of E\n, then (1, . . . , 1) is 
a critical point of <p u and therefore a global maximum of p by Proposition ^. 21 Hence 

sup E(tiUi,...,t k u k )=E(u) = c, 

ti,...,tfc>0 

and therefore equality holds in ([5]). □ 

4. A GENERAL SYMMETRY RESULT FOR THE CASE OF TWO EQUATIONS 

Here we will restrict our attention to the two component system (|9]). By the arguments in the 
beginning of Section [5J we may assume that ci = C2 = 1, so we are dealing with the system 

- Au + V 1 (x)u = P u (u,v) -Av + V 2 (x)u = P v {u,v) u,v £ H^(fl). (21) 

We suppose from now on that Q is a radial domain, namely a ball or an annulus, and that 
V\ and V2 are radial functions, i.e. Vi{x) = Vi{y) for all x,y eO with |x| = \y\ and i = 1,2. 
As already remarked in the introduction, we cannot expect ground state solutions of (|2"i"j) to 
be radial (see Remark 15.41 below for a counterexample). However, via polarization methods 
we will show Theorem 11.31 which states that under the "negative coupling assumption" (P6) 
ground state solutions arc foliated Schwarz symmetric (as defined in the introduction) in 
each of their components with respect to antipodal points. We will state an abstract criterion 
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for this type of symmetry of solutions of (|21|) first (see Theorem 14. 3|) . This criterion is of 
independent interest and has applications within a different setting, see Subsection 15. ll below. 
Let us introduce some useful notations. We define the sets 

Wo = {H C l w : H is a closed half-space in R N and G dH} 

and, for p ^ 0, 

H (p) = {H e% Q : pemt(H)}. 

For each if G Tio we denote by <jh ■ K w — > l w the reflection in M. N with respect to the 
hyperplane dH, and define the polarization of a function u : fi — > K with respect to ff by 

/ \ _ / max{ it(x), u(o\f/(x))} igffnO, 
UffW = \ min{u(x),u(a H (x))} ieO\£ 

Moreover, we will call if G Ho dominant for u if u(x) ^ u(o~h (x)) for all x G fi PI if (or, 
equivalently, ur{x) = u(x) for every x G fin if). On the other hand we will say that H G Wo 
is subordinate for it if u(x) < u{(Jh{x)) for all x G fin if. We recall from [H Lemma 4.2] (see 
also [231 Proposition 2.7]) the following characterization of foliated Schwarz symmetry. 

Proposition 4.1. Let u : fi — > R be a continuous function. Then u is foliated Schwarz 
symmetric with respect to p G dBi(0) if and only if every if G ifo(p) is dominant for u. 

Moreover, we will need the following properties (see for instance [Ml Lemma 3.1]). 

Lemma 4.2. Let u : fi — > K be a measurable function and H G Ho- 

(i) If F : fixR — > M is a continuous function such that F(x,t) = F(y,t) for every x,y G fi 

such that \x\ = \y\ and t G R and / |.F(x, u(x))| dx < +00, £/ien / F(x,Uh) dx = 

Jn Jn 



F(x, u) dx. 

1 

(ii) Moreover, if u G ffo(fi) i/iera also u H G i?o(fi) and / \Vu H \ 2 = I |Vu| 2 . 

Jn Jn 

For every if G Ho we denote by if G "Ho the closure of the complementary half-space R N \ H . 
We can now state the main abstract result of this section. 

Theorem 4.3. Take P G C 2 {R 2 ) such that 

(P6) P uv (s,t) < for every s,t > 0. 

Lei u,v £ C 2 (fi) n C (fi) oe a classical solution of pip . i/ ; /or every if G Ho, pair 
(tiff, ug) is afeo a strong solution of ()21[) . i/ien u and u are foliated Schwarz symmetric with 
respect to antipodal points, that is, there exists p G <9f?i(0) such that u is foliated Schwarz 
symmetric with respect to p, and v is foliated Schwarz symmetric with respect to —p. 

Proof. Take r > such that dB r (0) C fi and let p G 9f?i(0) be such that ma.xg Br ^ ) u = u(rp). 
Given if G ffo(p); we will prove that if is dominant for u and subordinate for v. This 
combined with Proposition 14. 1 1 immediately provides the conclusion of the theorem. From 

—Au + Vi(x)u = P u (u, v), and - Auh + Vi(x)uh = P u (uh, ug) 

it follows that, for x G fi n H, w(x) := itjj(x) — it(x) and 

- Aw + c(x)w = P u (uH,Vft) - P u {u H ,v), (22) 
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with c(x) = Vi(x) — (P u (uh, v) — P u (u, v))/(uh — u) € L^ c (tt). As vg ^ v in ClDH, condition 
(P6) implies that P u (uh, v) ^ P u {uh, ug) m CICi H. Thus 

-Aw + c(x)w ^ and w > in fi n H, 

which implies (by the Strong Maximum Principle, see for instance [101 Theorem 1.7]) that 
cither w>0orw = 0inOri-ff. By the choice of p, we have that rp £ CI n H and that 
w(rp) = 0, and then it must be u = uh and therefore w = in CI PI H. Moreover, coming 
back to (l22l). wc now sec that 



P u (u H ,Vg) = P u (u H ,v) (23) 

and hence, since the map t \— ¥ P u {s, t) is strictly decreasing for each fixed s as a consequence 
of (P6), we obtain v = vq in fi PI H. Thus we have proved that H is dominant for u and 
subordinate for v, and the theorem follows. □ 

Remark 4.4. First we observe that (P6) implies condition (P3). Second, we note that 
Theorem 14.31 holds true under slightly more general assumptions replacing (P6): we can 
assume instead that 

for each s ^ 0, the function 1 1-> P u (s, t) is nonincrcasing in [0, oo) and strictly 
decreasing in [0, e) for some e > 0. 

In fact, one can proceed in the previous proof until ([23]) . Then, by looking at the second 
equations of the systems, we would have 

-A(v - vg) + \V 2 (x) - - ' _ y H ' j (v -v s ) = and v > vq in fi H H, 

which gives that either v>vgorv~vgmQnH. Thus by ()23j) and the new assumptions 
we would have equality. 

Alternatively, we could have also supposed that 

for each t ^ 0, the function s <— > P v (s, t) is nonincreasing in [0, oo) and strictly 
decreasing in [0,e) for some e > 0. 

Before we may complete the proof of Theorem 11.31 we first need the following lemma. 

Lemma 4.5. Let P G C 2 (IR 2 ) be such that (P6) holds. Take u,v > such that 

P{u, v) dx < +oo. Then for every H £ Ho we have that 



/ P(u,v)dx^ / P(uji,Vq) dx. 
Jn Jn 



Proof. We claim that 

P(a, c) + P(b, d) ^ P(max{a, 6}, min{c, d}) + P(min{a, b}, max{c, d}) 

for every a, b,c,d > 0. In the case that a b and d ^ c the result trivially holds. On the 
other hand, suppose that a b and c d. Then 

o> [ [ Puv(tX)d(dt;= f (P u (Z,c)-P u (t,d))dZ 

Jb Jd Jb 

= P(a, c) - P(b, c) - P(a, d) + P(b, d), 
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which proves the claim. From this we conclude that 

P(u,v)dx = / [P(u(x),v(x)) + P(u(a H (x)),v(a H (x))]dx 



nnH 

P(u H (x), vg(x)) + P(u H (a H (x)), Vfi((T H (x)))] dx 



HinH 

P(uh, vft) dx. 

□ 

Finally we may complete the 

Proof of Theorem[TM Let (u,v) £ C 2 (n,R 2 ) n C{Ti,R 2 ) be a classical solution of © mini- 
mizing E\fj and such that (u, v) £ M.. Take H £ W . By Theorem l4.3l we only need to show 
that (uh, Vfj) is also a solution to (j2Tj) . First of all observe that for each t, s > 0, we have 

i 2 s 2 f 

E(tu H ,svft) = — \\u H \\l + — ll^i^lll - / P{tu H ,svft)dx 

t 2 s 2 f 

= jWuhWI + y^hWI- P((tu) H ,{sv) a )dx 

< \\H\ + \\Hl- j P{tu,sv)dx 

= E(tu,sv), 

where we have used Lemmas 14.21 and l4~5l Hence, as (it, »)eM,we have that also (uh,Vjj) £ 
A4, and so there exists t, s > such that (tun, s v h) Therefore, by Proposition [XU 

c ^ E(iuH, svjj) $J E(tu, sv) ^ max E(tu, sv) = E(u, v) = c. 

and thus t = s = 1 by the uniqueness of the maximum as stated in Proposition 13.21 Thus 
(uH,Vft) £ A/" and E(uh — c. Therefore the second statement in Theorem 11.11 implies 
that (un,Vfj) is a solution of (|2~Tj) . as required. □ 

5. Some special system classes 

In this section, we will discuss results for special subclasses of system ([lj, and in particular 
we will give the proof of Theorem 11.41 with is concerned with problem ([7]). Motivated in 
particular by results in the papers [3|8] , we now discuss a general family of functions P where 
the interaction terms are seperated from the others. For this let H £ C 2 (R k ) and fi £ C 1 (IR) 
for i = 1, . . . , k. Define F t (s) := f° /;(£) df . For 

k 

P £ C 2 {R k ), P(u) = FiM ~ H(u), (24) 

i=i 

let us see under which assumptions P satisfies (P1)-(P4). We consider the following assump- 
tions for the functions fi. 

(al) For each i there exists a constant Ci > such that 

|/-(s)| < Ci(l + \s\ p - 2 ) for s > with some p £ (2, 2*), 

where 2* = 2N/(N - 2) if N ^ 3, 2* = +oo otherwise. 
(a2) fi(s) = o(s) as s — >• 0, for every i = 
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(a3) There exists 7 > (2 + 7 ^ p) such that 

< (1 + l)fi{s)s < /;( S )s 2 , for all s > 0. 
Moreover, for the interaction potential H we assume the following. 
(HI) There exist constants C > and < a ^ 7 such that 

fe 

\H UiU . (u)\ < C(l + \ u iH, fOT I' fc}, " G C+. 

i=l 

(H2) i?(0) =0 and H Ui (u\, . . . , 0, Ui+i, . . . , u k ) = for i = 1, . . . , k and u e C + . 
(H3) F Ui (u) > for i = 1, . . . , k and u £ C + . 
(H4) For every u £ C + , the matrix 

(hij)ij = + a)H Ui (u)Ui - H UiUj (u)u t u 3 ) 

\ / i,j=l,...,k 

is positive semidefinite, where a is the constant appearing on (HI). Q 
We then have the following result. 

Theorem 5.1. Let f l satisfy (al)-(a3) and H satisfy (Hl)-(HA). Then (P1)-(P5) hold for 
P defined in {2$ . Hence, if the functions Vi € L°°(fl), i = l,...,k, satisfy (P0), then the 
assertions of Theorems \1.1\ and \1.2\ are true. In particular, the system 

-Am + V l (x)u = fi(ui) - H Ui (u) . = 1 

u, e i?g(ri)(u), Ui > in Q. 

admits a non-trivial solution which minimizes the functional E\_\f. 

Moreover, if in addition a < 7 in (HI ), then every u £ H. with u t > 0, Ui ^ for i = 1, . . . , k 
is contained in M, and therefore equality holds in f5|). 

Proof. (PI) is an immediate consequence of (al) and (HI), and (P2) is an immediate con- 
sequence of (a2) and (H2). (P3) follows directly from (H3), and (P4) follows directly from 
(a3) and (H4). As for (P5), observe that 

r> I n \ t'/n\ r H Ui (U\, . . . ,Ui-i,t,Ui-\-i, . . . ,Uk) n 

PuiUiWi, ■ ■ ■ ,Ui-i,u,u i+1 , . . . ,u k ) = /j(0)- lim ^ /^(O) =0, 

t->o+ t 

for i = 1, . . . , k by (a2) and (H3). As a consequence, the assertions of Theorems 11.11 and 11.21 
are true. 

Finally, let us assume that a < 7 holds in assumption (HI), and let u G H with Ui > 0, Ui ^ 
for i = 1, . . . , k. We show that u € M. For this we note that condition (a3) implies the 
existence of constants Cj, Di > such that 

Fi(t) ^ C,t 2+ ~< - A, Vs > 0, i = 1, . . . , k. 

Thus, for some constant G\ > 0, 



fe ,2 /• r 

E{t lUl ,...,t k u k ) = ^(j-|| Ui ||2_ / Fi(tiUi)dx)+ / H(t 



lUi, . . . ,t k uk) dx 



i=l 
fe 



< E(flNI'-^ +7 / l^| 2+7 ^ + C^ + " I |«i| a+a da;'] 



-^Actually this is equivalent to ask (HI) and (H4) for two different constants ai,Q2 ^ 7, as in each case if 
each assumption is true for some /3, it is true for every (3 ^/3. 
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as \ti\ + • • • + \tk\ —> +00, since 7 > a and J n \ui\ 2+1 dx > for i = 1, . . . ,k. □ 

Theorem 15.11 generalizes the existence result contained in Theorem 2.1] and Theorem 
2.2]. The main difference is that we allow a = 7 in (HI), which means that we allow Fi 
and H to have the same kind of growth at infinity. We point out that in this case it is not 
necessarily true that u £ M. for every u 6 % with > 0, Ui ^ for i = 1, . . . , k. As an 
example, consider the two-component system 

- Aui — u\ - fiu\u 2 , -Au 2 = u\ - fiu\u 2 Mi, "2 S Hq (ft) (25) 

which in dimension N < 3 and for j3 > is a special case of assumptions (al)-(a3), (Hl)- 
(H4) with fi(t) — f 2 {t) = t 3 , H[ui,U2) = 2 u i u 2 an d ct = 7 = 2. The corresponding energy 
functional is then given by 

2 

u = («i,u a ) >-> E(u) = Y.Jj\\^u,\ 2 - Jh 4 ) dx +^j n M 2 M 2 dx, 

and in case /3 > 1 we have E(tw,tw) —> +00 as i — > 00 for every u> S i?Q (SI) \ {0}, so that 
(w,w) M.. Nevertheless, we will be able to show M C M. for system (|25[) and the more 
general class of systems (JT)) arising from the choice of functions 

1 k 

/ i (u) = W" 1 and i?(u) = Pijufuf, (26) 

where 2 < p < 2* and the other parameters satisfy (JSJ). This also leads to equality in ([5]) and 
therefore to a minimax characterization of infjv" E. 

Proposition 5.2. 7%e class of functions given by Wb^l satisfies assumptions (al)-(a3) and 
(H1)-(H4) with a = 7 = p — 2. Moreover, if the functions Vi € L°°(0), i — 1, . . . ,k, satisfy 
(P0), i/ien we have Af (Z M in this case, where M and M. are defined with respect to the 
corresponding functional 




Proof. Assumptions (ai)— (as) and (H1)-(H3) are rather immediate. We now show that also 
(H4) holds with the choice a = p — 2. Let u € C + and recall the matrix (hij)ij defined in 
(H4). We have for each i 

hu = (1 + a)H Ui (u)uj - H UiUi (u)u 2 = (p - </, )q i u q i ^ ftjU* 3 > 
and, for j =/= i, 

h^ = -H UiUj (u)UiV.j = -q l q J P ij ufu q j 3 < 0. 

By the Gershgorin's theorem (see for instance [TTJ Appendix 7]), the eigenvalues of (hij)ij lie 
in the set 

U{A: |A-M<X>d} C U{A: 

i=l j/j i=l j'=l 

& 

= U{ A:A X v/< ,; /' - ?< - ?>f u 7 }■ 

i=l j/j 
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Hence ([SJ implies that all eigenvalues of (hij)ij are nonpositive, and hence {hij)ij is a negative 
semidefinite matrix. 

To show that Af C A4, let u G Af '. For (ti, . . . , £&) € C + , we then have, by Young's inequality, 
tftf = q M\ + ^rf + Kij for = 1, . . .,k with Kij = l- ^— ^ > 0. 

p p p 

Consequently 




with k = HijPij J n \u\ qi \v\ qj dx, where in the last step we have used that u G Af. This 
shows mgAI, and we conclude that Af C A4 . □ 
We may now complete the 

Proof of Theorem \1.4\ By Proposition [5T2] and Theorem 15. 11 assumptions (P1)-(P5) are sat- 
isfied for P given in (|6| . Hence Theorem 11.11 implies that inf ^ E is attained, and that every 
minimizcr u G Af of E\^f is a weak solution of ([7]). Moreover, by elliptic regularity, noting that 
the right hand side of (|2Tj) is Holder continuous, we find that u G C 2 (fl,R k ) n C(f2,R fc ) is in 
fact a classical solution. Since we also know from Proposition 15 . 21 that Af C A4, Theorem ll.2l 
implies that 

inf E = inf sup E{t\U\, . . . ,ifcUfc), 

and in case k = 2 with f2, V\, V 2 radially symmetric, it follows from Theorem 11.31 that every 
u G C 2 (il,M. k ) n C(fJ,R fc ) minimizing E on Af is such that u and v are foliated Schwarz 
symmetric with respect to antipodal points. □ 

We add a symmetry result corresponding to the class of functions (pM|) in the case k = 2 
under the extra assumption that a < 7 in (HI). Hence we consider a system of the type 

-Au = fi{u) - H u (u,v), 

-Av = f 2 (v) - H v (u,v) (27) 
u,v e Hq(SI), u,v > in il. 

Theorem 5.3. Take fi, f 2 satisfying (al)-(a3) and H satisfying (HI), (H2)-(H4) and 

(H5) H uv (s,t) > for every s,t > 0. 

Furthermore, suppose that Q. is radially symmetric, and that V\ , V 2 G L°° (fi) are radial func- 
tions satisfying (PO). Let (u,v) G Af be a minimizer of E\j^. Then u and v are foliated 
Schwarz symmetric with respect to antipodal points. 
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Proof. This is a direct consequence of Thcorcm ll.3l since the second statement of Theorem l5.ll 
implies that (u, v) £ M. as a consequence of assumption (HI). □ 

Remark 5.4. In general, minimal energy solution to (j2"T)l are not radial. So see this, let us 
rewrite the system (|27p with an extra parameter ft > 

-Au = f{u)-ftH u (u,v), 

-Av = /(«)- ftH v (u,v) (28) 
M,v G -E?o(0), u,v>0infi. 

Suppose that il is either a ball or an annulus. Again, suppose that / satisfy (al)-(a3), and 
H satisfy (H1)-(H4). For each ft > 0, denote by Ep and Np the associate energy functional 
and Nehari manifold. Take (up,vp) to be a family of positive solutions of (|28j) minimizing 
EpW/j- Then, by the results shown in [HIS], we know that there exists u, v > such that 
Up — > u, vp — > v strongly in Hq(CI), and w :— u — v satisfies 

-Aw = f(w) J(w) = min{ J(w) : w ± ^ 0, J'{w)w + = J f (w)vj- = 0}, 

with J(w) = ±f Q | Vw| 2 - J n cfe. Thus w is a least energy nodal solution which, 
by [B Theorem 1.3], is know to be non radial. Therefore we conclude, from the strong 
convergence, that (up,vp) are non radial solutions, at least for sufficiently large ft. 

5.1. An application within in a different variational setting. We close this paper with 
an application of Theorem 14.31 which does not fit in the framework of Theorem 11.31 Consider 
the cubic system 

—Am = \u — u 3 — ftuv 2 in O 

—Av = fiv — v 3 — ftu 2 v in Q (29) 

u,v e Hq(H), u,v>0 mil, 

where we consider ft > 0. Observe that due to the sign of the pure nonlinearities, this is not 
a particular case of ([7|). Following [6], in this case a minimal energy solutions is defined as a 
minimizcr of the functional 

I{u,v) = \ f (\Vu\ 2 + \Vv\ 2 )dx + - f {u 4 + v 4 )dx + ^- f u 2 v 2 dx 

constrained to the manifold 

S = {(u,v) e H^(il) x H^il) : / u 2 dx = I v 2 dx = 1} 

Jn Jn 

(which represents a mass conservation law). With this framework, A and [i are understood 
as Lagrange multipliers, and 

X = X(u,v)= [ {\\7u\ 2 + u 4 + ftu 2 v 2 )dx, n = n{u,v) = [ (|Vu| 2 +v* + ftu 2 v 2 ) dx. (30) 
Jn Jn 

By using direct methods and the maximum principle, it is easy to prove that (|29p admits a 
positive solution, minimizer of 

Theorem 5.5. Letu,v > be minimizers of I\s, hence in particular solutions of (|29[) . Then 
u and v are foliated Schwarz symmetric with respect to antipodal points. 
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Proof. We start with the observation that (u, v) solve (f29|) with A, ft given by (|30|) . For every 
H £ Ho, by Lemma T4.2l -(i) we deduce that (uh,vq) <G S. Moreover, Lemma T4.5I applied to 
the map (it, v) i— > « 2 i> 2 gives 

mm/ 7(n ff ,« 5 ) = i / (|Vuji | 2 + |Vi^| 2 ) da; + \ f {u 4 H + v%)dx+- f u\v\dx 

= 5 / (IV^I 2 + |V«| a ) dx + - f (u 4 + v 4 ) dx+^f u%v\ dx 

< J / (|Vu| 2 + |Vv| 2 )do; + i / (u 4 + v 4 ) dx + t f u 2 v 2 dx 
2 Jo 4 J n 2 J n 



s 

Thus (uu,Vfi) € 5 and I(uh,vq) = min^ /, and in particular solves (|29[) with 

A = A(«h,«5)= / (|Vw H | 2 +^+/3<4)d.T, fi = n(u H ,v s ) = / (|V Ui? | 2 +4+/3<4) 

Again from (f3~Tj) we deduce that actually 

2 2 / 2 2 t 

u H v~ = u v dx 
o Jn 

and hence A(u, u) = X(uh, v jf)> A*( u j w ) = ^( u h, v s). Thus (u, and (its, ■ug) solve the same 
system and Theorem 14.31 applies. □ 
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